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Abstract—In this letter, we propose a novel formation controller
for nonholonomic agents to form general parametric curves. First,
we derive a unified parametric representation for both open and
closed curves. Then, a leader-follower formation controller is de-
signed to drive agents to form the desired parametric curves using
the curve coefficients as feedbacks. We consider directed commu-
nications and constant input disturbances rejection in the con-
troller design. Rigorous Lyapunov-based stability analysis proves
the asymptotic stability of the proposed controller. The convergence
of the orientations of agents to some constant values is also guar-
anteed. The method has the potential to be extended to deal with
various real-world applications, such as object enclosing. Detailed
numerical simulations and experimental studies are conducted to
verify the performance of the proposed method.

Index Terms—Directed graphs, disturbance rejection, formation
control, multi-agent systems, parametric curves.

I. INTRODUCTION

THE application of multi-agent systems has gained popular-
ity over the past decades [1]. A typical multi-agent system

usually has multiple layers to deal with assigned tasks, such as
formation control, path planning, environmental sensing, and
coordination [2]. Among those, multi-agent formation control
is the fundamental problem studied by many researchers. For-
mation control techniques can be used in various practical prob-
lems, such as object transport [3], rescue [4], and environmental
surveillance [5]. In these scenarios, agents are usually controlled
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Fig. 1. Conceptual applications of multi-agent systems: (a) Robots enclosing
an object; (b) Robots monitoring spilled oil using AEROS robots [13]; (c) Drones
monitoring wildfires; (d) Robots cleaning leaked chemicals.

to form a desired pattern and keep/change it according to the
task requirements [6]. Generally, agents can achieve formation
control in three ways, that is, position-based, displacement-
based, and distance-based methods [7]. The platforms that carry
out the formation control can be mobile robots [8], [9], aerial
vehicles [10], satellites [11], manipulators [12], etc.

In classical formation control methods, the desired patterns
that agents need to form are usually specified by absolute or
relative positions, and those patterns are usually simple in terms
of morphology, such as polygons and lines. This could cause
problems when dealing with complicated cases where the de-
sired pattern has a complex structure, such as curves, because
it is usually difficult to fully depict the characteristics of such
complex patterns simply with several positions. There are also
scenarios where we only care about the overall distribution rather
than the specific positions of agents, such as caging an object
during transportation tasks or monitoring the boundaries of oil
spills, wildfires, and chemical leakages, etc., see Fig. 1. In these
cases, representing the desired pattern with several positions
can limit the flexibility of the system. In this work, we consider
adopting parametric curves, a general approach to represent
the desired patterns, and develop novel formation controllers
to drive agents toward this structure.
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Related work: Compared with the abundant literature on
multi-agent formation control, works on driving agents to form
patterns described by parametric curves are limited. An early
work can be seen in [14], where the author developed a steering
control to drive particles to travel along closed invariant patterns
(curves). In this work, particles are coupled in a chain structure
and limited to a constant unit speed. Hsieh et al. [15] proposed a
decentralized controller for robotic swarms to form closed planar
curves. In this work, agents with double-integrator dynamics
were considered, and they did not need to exchange information
during the control process. Song et al. [16] studied the coverage
control of a multi-agent system on a closed curve. They con-
sidered the single-integrator agents and optimized the coverage
cost of agents in a finite time. A Fourier series-based method
was developed in [17] for nonholonomic agents to track evolving
curves, but a strongly connected communication topology was
required. Aranda [18] also adopted the Fourier descriptors to
specify and control multi-agent formations. They exploited the
structure of the discrete Fourier transform (DFT) and proposed
controllers for both single-integrator and double-integrator agent
models. More examples can also be seen in [19], [20], where es-
timating and tracking environmental boundaries, such as profiles
of plumes and liquids, by multi-agent systems are studied.

By reviewing these previous works, we find that they consid-
ered either only closed curves or only open curves, but none of
them considered both types of curves in a unified way. Also,
most previous controllers do not incorporate disturbance rejec-
tion capabilities, which significantly limits their applicability
in real-world missions. Besides, most previous works assume
simple agents’ dynamics, such as single and double integrator
dynamics. Extensions to more complex agent dynamics, such as
those of nonholonomic systems, still need to be further studied
to generate practically realistic solutions. Finally, most previous
work has not conducted experimental validations on real-world
platforms to assess the performance of their proposed methods.

Our contribution: In this work, we study the formation con-
trol problem of multi-agent systems to form complex patterns
represented by parametric curves. The main contributions of our
work are summarized as follows:

1) We present a unified parametric representation of open
and closed curves for the formation control problem. This
provides flexibility to automatically allocate the agents
along a profile without requiring specific target positions.

2) We propose a novel leader-follower formation controller
for nonholonomic agents to form parametric curves under
directed communications and constant input disturbances.
The controller is constructed based on curve coefficients
which encodes the general characteristics of the curve.
With different combinations of assigned parameters of
agents, the proposed controller can easily drive agents to
achieve various distributions on the desired curve.

3) We report a rigorous stability analysis, numerical simula-
tions, and experimental study to investigate the properties
and validate the proposed method. In the experimental
validations, we not only examinate the performance of
proposed method on forming virtual curves, but also ex-
tend the method to handle the object enclosing tasks.

Organization: The rest of the paper is organized as follows:
Section II presents the preliminaries; Section III derives the
formation controller; Section IV validates the theory with sim-
ulations and experiments; Section V gives conclusions.

II. MATHEMATICAL MODELING

Notation: Matrices and vectors are denoted by bold letters.
Scalars are denoted as plain letters. We use 0 to denote a vector
of appropriate dimension with all elements as zeros, and 0m

to denote a square zero matrix. In denotes a n× n identity
matrix. We use themin() to represent the operation of finding the
minimum and diag(·) to represent the diagonalization operation,
where “·” could be square matrices or scalars.

A. Unified Curve Representation

Our goal in this paper is to study the multi-agent control
method driving agents to achieve the formation along curves.
Therefore, the first step is to define the curve we expect the
agents to form. We only consider the planar cases in this paper
and assume that the desired curve can be parameterized by the
following linear regression equation:

c = G(s)ξ (1)

where c = [cx, cy]
T denotes the coordinate of a random point

on the curve, s ∈ [0, 1] is the normalized length parameter,
G(s) ∈ R2×2H is the matrix containing basis functions depen-
dent on the normalized length parameter s, H is the number
of basis functions, and ξ ∈ R2H×1 is the vector containing
the curve coefficients. By selecting different combinations of
basis functions, we can represent the desired curve as different
types, such as Fourier series, Bezier contours, and polynomial
contours. Note that this means we actually can express both
closed curves and open curves with the same form. Therefore,
(1) is a unified curve representation of all types of curves.

In real-world missions, we can obtain the curve coefficients
by estimation. First, we sample a series of points on the ob-
served environmental curve, denoted as C = [cT1 , . . . , c

T
N ]T,

where N is the total number of sampled points. Then, we
compute the normalized length parameter corresponding to each
point ci by si = li/lN for i = 1, . . . , N , where l1 = 0 and li =∑i

p=2 ‖cp − cp−1‖ for i ≥ 2. Next, we appropriately select a se-
ries of basis functions and compute the basis matrice correspond-
ing to each sampled point, denoted as Gh = [GT

1 , . . . ,G
T
N ]T.

Finally, we can estimate the curve coefficients by:

ξ = (GT
hGh)

−1GhC (2)

Note that the number of sample points along the curve must
satisfyN > 2H to guarantee the existence of (GT

hGh)
−1, which

is usually easy to fulfill in real missions by increasing the number
of sampled points.

B. Dynamic Model

The agents considered in this work are assumed to conduct
planar motions and have nonholonomic dynamics with constant
input disturbances. We define the configuration of agent i as
[xT

i , θi]
T, wherexi = [xi, yi]

T and θi are the center position and
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Fig. 2. The configuration of the agent: (a) The change of coordinates; (b) The
assignment of length parameters for agents.

the orientation of the agent, respectively. The dynamic model of
agent i is given by:⎡

⎢⎣ẋi

ẏi

θ̇i

⎤
⎥⎦ =

⎡
⎢⎣cos θi 0

sin θi 0

0 1

⎤
⎥⎦ (ui + di) (3)

where ui = [vi, ωi]
T denotes the control input, with vi and ωi as

the linear and angular velocities of the agent, respectively; di =
[di1, di2]

T denotes the constant input disturbances that could rise
up from motor asymmetry or imperfect wheel alignment, etc.

To simplify the controller design and stability analysis, we
define a virtual control point adopting the input/output feedback
linearization [21]. The virtual control point is obtained by the
following change of coordinates [22] (see also [23]):⎧⎪⎨

⎪⎩
x̄i := xi + � cos θi

ȳi := yi + � sin θi

θ̄i := θi

(4)

where � �= 0 is an arbitrary scalar that translates the agent’s
position to an arbitrary close location. The process of the change
of coordinates is shown in Fig. 2(a).

By using these new coordinates, we can obtain the agent’s
shifted position x̄i = [x̄i, ȳi]

T, whose time derivative yields a
shifted dynamic model of the form:{

˙̄xi = Ri(θi)(ui + di)

˙̄θi = ωi + di2
(5)

for a full-rank matrix defined as:

Ri(θi) =

[
cos θi −� sin θi

sin θi � cos θi

]
(6)

We can easily derive ‖Ri‖ = |�| and ‖R−1
i ‖ = 1/|�| for a |�| ≤

1.
By defining a new control input ūi = Ri(θi)ui and a new

input disturbance d̄i = Ri(θi)di, the position dynamics in (5)
can be reduced to a single integrator with input disturbance:

˙̄xi = ūi + d̄i (7)

C. Interaction Topology

The interactions topology among agents can be represented
by a graph G = (G, E , aij), where V = {1, . . . , n} denotes the
set of nodes, E = {(i, j) ∈ V × V : aij �= 0} denotes the set of
edges, and aij > 0 denotes the weight of interactions with ij

indicating the i-th and j-th agents. The Laplacian matrix L =
[lij ] ∈ Rn×n of the graph is defined by:

lij =

{∑n
i=1 aij , if i = j

−aij , if i �= j
(8)

for lij as the entry of L at the i-th row and j-th column [24].
In this work, we assume that the interaction topology of

agents can be represented by a directed graph containing a
rooted spanning tree, i.e., there is a node that can be connected
to all the remaining nodes of the graph. The Laplacian has a
simple eigenvalue 0 with 1n ∈ Rn×1 as its corresponding right
eigenvector, where 1n denotes a vector with all elements equal
to one. All the other eigenvalues of the Laplacian have positive
real parts [25].

Besides, we can define an augmented graph for a leader-
follower multi-agent system based on the graph of the followers.
We can describe the communication between the leader and the
followers by a nonnegative matrix B = diag(bi), where bi > 0
if and only if there is an edge between the i-th follower and the
leader. Assuming that the augmented graph contains a spanning
tree, we have the following theorem on the construction of
Lyapunov functions for stability analysis.

Theorem 1 (Zhang et al. [26]): Let⎧⎪⎪⎪⎨
⎪⎪⎪⎩

q = [qi]
T = (L+B)−11n

p = [pi]
T = (L+B)−T1n

P = diag(pi/qi)

Q = P(L+B) + (L+B)TP

(9)

Then both P and Q are positive definite.

III. PROPOSED CONTROL METHOD

A. Controller Design

By stacking the position dynamics (7) of agents, we can
represent the position dynamics of the multi-agent system as:

˙̄x = ū+ d̄ (10)

where x̄ = [x̄T
i ]

T, ū = [ūT
i ]

T, and d̄ = [d̄T
i ]

T ∈ R2n×1 are the
extended position vector, input vector, and disturbance vector,
respectively.

According to the desired distribution of agents along the
curve, we can define a sequence of length parameters corre-
sponding to the agents s = [s1, . . . , si, . . . , sn]

T, where si is the
length parameter corresponding to the ith agent. For example, if
we want the agents to be uniformly distributed along the curve,
we can define si by si = (i− 1)/n. Then, we assign the length
parameters si to each agent to ensure the desired arc length
separation of agents along the curve (i.e., the desired distribution
of agents). The process is shown in Fig. 2(b). With that, we can
calculate the matrix of basis functions corresponding to each
agent as Ḡ = [G1(s1)

T, . . . ,Gn(sn)
T]T

Now, we can define the agent’s position errors as:

x̄e = x̄− Ḡξ (11)

and the curve coefficient errors as:

ξe = Ḡ+x̄− ξ (12)
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where Ḡ+ is the pseudoinverse of Ḡ.
To achieve formation control and reject the input disturbance,

we propose the following leader-follower controller:

ūi =

{
−k1(x̄i −Giξ)− k2Riδ̂i leader

−k1
∑

j∈Ni
aij(Gi −Gj)ξe − k2Riδ̂i follower

(13)
where k1, k2 > 0 are the control gains, δ̂i denotes an estimation
variable related to the input disturbance, and Ni = {j ∈ V :
aij �= 0} is the set of neighbors of agent i. The first part of the
controller drives agents to achieve the formation; The second
part of the controller eliminates the input disturbance. The
disturbance estimation is updated by:

˙̂
δi = k2R

T
i (x̄i −Giξ) (14)

B. Stability Analysis

Without loss of generality, we assume that agent 1 is the root
of the spanning tree contained in the interaction topology and
the leader of the multi-agent system. This indicates that the first
row of the Laplacian L is a zero vector. Then, we can stack the
controller (13) for each agent to obtain the control input ū for
the whole multi-agent system:

ū = −k1(L̄Ḡξe + Λ̄x̄e)− k2Rδ̂ (15)

where L̄ = L⊗ I2 is the extended Laplacian matrix with ⊗
representing the Kronecker product; Λ̄ = Λ⊗ I2 ∈ R2n×2n

for Λ = diag(1,0n−1); R = diag(Ri) ∈ R2n×2n; and δ̂ =

[δ̂
T

i ]
T ∈ R2n×1.

Replacing controller (15) into the stacked dynamics (16), we
can obtain the complete dynamics of the multi-agent system:

˙̄x = −k1(L̄Ḡξe + Λ̄x̄e)− k2Rδ̂ + d̄ (16)

Now, we define a disturbance estimation error measurement:

δ̃ = δ̂ − 1

k2
d (17)

for d = [dT
i ]

T ∈ R2n×1. Then, we can rewrite (16) as:
˙̄x = −k1(L̄Ḡξe + Λ̄x̄e)− k2Rδ̃ (18)

It can be derived that ˙̃
δ =

˙̂
δ = k2R

Tx̄e considering that d is
constant. Let δ̄ = Rδ̃. We can see that δ̄ measures the distur-
bance estimation error for (10).

The stability analysis of the proposed controller is based on
the following assumptions.

Assumption 1: The number of agents and basis functions
satisfies n ≤ H .

Assumption 2: The rank of matrix Ḡ ∈ R2n×2H always sat-
isfies rank(Ḡ) = 2n.

With Assumptions 1 and 2, we can ensure the existence of
the pseudoinverse Ḡ+. Specifically, we can compute Ḡ+ by
ḠT(ḠḠT)−1. It can be derived that ḠḠ+ = I2n. Then, we
can obtain that Ḡξe = ḠḠ+x̄e = x̄e.

Remark 1: The condition proposed in Assumption 1 is rea-
sonable. We usually need more basis functions to accurately
approximate a curve with a complex shape structure. However,
A very large H should be carefully selected to avoid unwanted
oscillations in the structure of the approximated curve. As for
“simple” curves, such as straight lines and circles, we can regard

them as a combination of many basis functions with the coeffi-
cients of high-order basis functions as zeros. For example, we
can represent a straight line as c = a+ bs+ 0(s2 + s3 + . . . )
for a and b ∈ R2×1 as coefficients. In this case, the condition
n ≤ H is only a mathematical consideration for the stability
analysis.

Proposition 1: Consider a multi-agent system of n agents
with dynamics (7) and a directed graph containing a rooted
spanning tree. Given a static planar curve in the form of (1),
controller (15) drives agents to be uniformly distributed on the
curve and ensures asymptotic stability of position errors x̄e.

Proof: It can be seen that the Laplacian L and the matrix Λ
satisfies Theorem 1. Therefore, replace B with Λ in Theorem 1,
then we can obtain positive definite matrice P, Q ∈ Rn×n.
Consider the following Lyapunov function:

V = x̄T
e (P⊗ I2)x̄e + δ̃

T
(P⊗ I2)δ̃ (19)

Compute the time derivative of (19), then we obtain:

V̇ = 2x̄T
e (P⊗ I2) ˙̄xe + 2δ̃

T
(P⊗ I2)

˙̃
δ

= 2x̄T
e (P⊗ I2)[−k1(L̄Ḡξe + Λ̄x̄e)− k2Rδ̃]

+ 2δ̃
T
(P⊗ I2)

˙̃
δ

= −2k1x̄
T
e (P⊗ I2)(L⊗ I2 +Λ⊗ I2)x̄e

− 2k2x̄
T
e (P⊗ I2)Rδ̃ + 2δ̃

T
(P⊗ I2)

˙̃
δ (20)

where we use Ḡξe = x̄e to obtain the last equality. Checking
the structure of R and P⊗ I2, we can show that:

(P⊗ I2)R = diag

(
pi
qi
I2Ri

)
= R(P⊗ I2) (21)

Therefore, to ensure the positiveness of V̇ , we choose ˙̃
δ =

k2R
Tx̄e, then we can obtain:

V̇ = −x̄T
e (Q⊗ I2)x̄e ≤ 0 (22)

where V̇ = 0 if and only if x̄e = 0. Therefore, x̄e = 0 is asymp-
totically stable. In ideal cases, we have x̄e = 0 and ˙̄xe = 0when
the system reaches a stable stage. Since we have ˙̄xe = ẋ from
(11), we can derive that δ̄ = 0 and δ̃ = 0 are asymptotically
stable from (18). In real-world cases, x̄e usually can not strictly
converge to zero when the system reaches the stable stage. From
(18), we can derive the following relation:∥∥∥δ̃∥∥∥ =

k1
k2

∥∥R−1(L̄+ Λ̄)x̄e

∥∥ ≤ k1
k2|�|

∥∥L̄+ Λ̄
∥∥ ‖x̄e‖ (23)

which indicates that the disturbance estimation error δ̃ is
bounded. �

Remark 2: With Proposition 1, we can guarantee the conver-
gence of agents’ positions. However, since ū = Ru, we can see
that the proposed controller has effects on the orientations of
agents. Therefore, we still need to analyze the convergence of
the orientations of agents. The analysis is given by the following
corollary.

Corollary 1: Drived by the proposed controller (15), agents’
orientations will converge to some constant values.

Proof: Substracting (18) from (15), we can obtain ū− ẋ =
−Rd. When the system reaches the stable stage, we have
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Fig. 3. Interaction graph of agents used for simulations and experiments:
(a) Six agents; (b) Nine agents.

˙̄xe = ẋ = 0. Therefore, we can derive that ū → −Rd as t →
∞. Since we have ū = Ru and R is a full-rank matrix, we
can obtain u = R−1ū → −d, that is, ωi → −di2 considering
ui = [vi, ωi]

T. Therefore, we can obtain θ̇i = ωi + di2 → 0,
which indicates the zero dynamics of the orientation of agents.
Therefore, we can derive the result that the orientations of agents
will converge to some bounded constant solutions. �

IV. RESULTS

A. Simulations

We first test our method by simulations. In real-world mis-
sions, the desired curves could be environmental boundaries that
can be observed by appropriate sensors, such as cameras, and
extracted from videos or images. However, for the convenience
of simulations, we simply employ some predefined curves as the
desired curves and call them observed curves. These observed
curves are assumed to have an explicit form expressed in para-
metric equations c = f(η) for a parameter η ∈ [0, 1]. Note that
η is different from s in that η could be parameters with any
physical meanings while s is the length parameter. We sample
points from these observed curves to estimate the approximated
curves dependent on length parameters to be formed by agents.

Without loss of generality, we uniformly distribute the agents
along the curve, i.e., si = (i− 1)/n, in all tests. Without men-
tioning, we also adopt the same operation for the following
experiments. The first two simulations are conducted for a multi-
agent system with six agents (n = 6) and the last simulation is
with nine agents (n = 9). During the simulations, agents are
interacting through directed graphs shown in Fig. 3 and the
parameters of estimated curves are broadcasted through the
graph. We set the weights of all edges as one, the scalar for
the change of coordinates as � = 0.01m, and the control gains
as k1 = k2 = 1. The constant input disturbances of the agents
are set todi = [0.1, 0.1]Tm/s. Agents depart from random initial
positions with random initial orientations.

1) Closed Curve: The first simulation is conducted for a
closed curve of the following form:

cx = (8 + sin 4πη) cos 2πη + 4

cy = (8 + cos 4πη) sin 2πη + 4 (24)

We approximate (24) to a truncated Fourier series with six
harmonics (i.e., H = 13, and Assumption 1 is satisfied) by (2).
Matrix Gi(si) has a structure of Gi(si) = [g1, . . . ,g6, I2] ∈

Fig. 4. Results of forming a closed curve: (a) Trajectories of the agents;
(b) Norm of position errors; (c) Agents’ orientations; (d) Disturbance estimation
errors for (10).

R2×26, where:

gh =

[
cos 2πhsi sin 2πhsi 0 0

0 0 cos 2πhsi sin 2πhsi

]
(25)

for h = 1, . . . , 6. It can be checked that Ḡ = [Gi(si)
T]T satis-

fies Assumption 2.
Running the simulation, we obtain the results shown in

Fig. 4(a). We can see that agents depart from random positions
and gradually converge to the desired curve. We record the norm
of position errors and agents’ orientations (rounded to [−π, π])
in Fig. 4(b) and (c), respectively. It can be seen that the errors
asymptotically converge to zero and agents’ orientations finally
reach some constant values as we predicted in the stability
analysis. The evolution of the disturbance estimation error δ̄
for (10) is shown in Fig. 4(d). We can see that δ̄ of all agents
gradually converge to zero, which follows our analysis for the
ideal cases in the proof of Proposition 1.

2) Open Curve: The second simulation is conducted for an
open curve of the following form:

c =
3∑

k=0

ηk(1− η)3−kok+1 (26)

for o1 = [3.5, 3]T, o2 = [−0.5,−4]T, o3 = [−2, 6]T, and o4 =
[−2,−1]T. We approximate (26) to a sixth-order polynomial
(i.e., H = 7, and Assumption 1 is satisfied) by (2). In this case,
the matrix Gi(si) has a structure of Gi(si) = gi ⊗ I2 ∈ R2×14

for gi = [1, si, . . . , s
6
i ]. It can be checked that Ḡ = [Gi(si)

T]T

satisfies Assumption 2.
Running the simulation, we obtain the results shown in Fig. 5.

Similarly to the first simulation, agents depart from random
initial positions and gradually converge to the desired curve (see
Fig. 5(a)). The position errors asymptotically converge to zero
(see Fig. 5(b)) and agents finally reach some constant orientation
values (see Fig. 5(c)) as predicted in the stability analysis. We
record the disturbance estimation error δ̄ for (10) in Fig. 5(d).
We can see that δ̄ gradually converges to zero, which follows
our analysis for the ideal cases in the proof of Proposition 1.

3) Simulation With Curve Shape Changes: In real-world
missions, the curve that agents need to form could vary between
different patterns, and our method also has the potential to handle
this case. In this simulation, we simulate the situation where
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Fig. 5. Results of forming an open curve: (a) Trajectories of the agents;
(b) Norm of position errors; (c) Agents’ orientations; (d) Disturbance estimation
errors for (10).

Fig. 6. Simulation with curve shape change at t = 100s: (a) Agents’ trajec-
tories; (b) Norm of position errors; (c) Agents’ orientations; (d) Disturbance
estimation errors for (10).

agents need to form one curve first and then move to another
curve.

The simulation is conducted for a closed curve of the follow-
ing form:

cx = (8 + 1.5 sin 4πη) cos 2πη + 7

cy = (8 + 1.5 cos 4πη) sin 2πη + 4 (27)

for the first 100 seconds, then switched to another closed curve
of the following form:

cx = (16 + 4 cos 2πη + 2 sin 4πη) cos 2πη + 8

cy = (12 + 3 cos 2πη + 1.5 sin 4πη) sin 2πη + 6.75 (28)

after 100 seconds. We approximate both curves to a truncated
Fourier series with eight harmonics (i.e. H = 17, and Assump-
tion 1 is satisfied) by (2). Matrix Gi(si) has a structure of
Gi(si) = [g1, . . . ,g6, I2] ∈ R2×34, where gh is in the form of
(25). We can check that Assumption 2 is satisfied.

Running the simulation, we can obtain the results shown in
Fig. 6(a). We can see that agents converge to the first desired
curve and then to the second desired curve. This can also be
seen in Fig. 6(b). The norm of the position errors asymptotically
converges to zero when agents reach the first curve; then jumps
up when the second desired curve appears, and asymptotically
converges to zero again when agents reach the second curve. The
orientations of agents (see Fig. 6(c)) reach some constant values
as predicted in the stability analysis every time the agents reach

Fig. 7. The configuration of the experimental platform: (a) The platform;
(b) The Mona robot.

a desired curve. We record the performance of the disturbance
estimation error δ̄ for (10) in Fig. 6(d). We can see that δ̄ of
all agents gradually converge to zero when the agents reach the
first desired curve and converge to zero again when the agents
reach the second desired curve, which follows our analysis for
the ideal cases in the proof of Proposition 1.

B. Experiments

To verify the performance of our method in real-world tasks,
we conduct several simple experimental tests with the platform
shown in Fig. 7(a). The platform consists of nine (n = 9) Mona
robots (see Fig. 7(b)) [27] with nonholonomic dynamics. The
Mona robot is equipped with five infrared proximity sensors
that can be used to perform simple obstacle avoidance tasks.
In addition, the platform has a top-view camera to observe the
pose of the robots, a control PC to collect data and send motion
commands, and a 1.8 m×0.8 m arena for robots to move around.
We build a Wi-Fi communication at a rate of 10 Hz between the
control PC and robots based on ROS.

During the experiments, robots interact with each other
through the topology shown in Fig. 3(b). We set the weights of
all edges as one. We empirically set the gains of the controller
to k1 = 2

3 and k2 = 1
3 . We apply a constant input disturbance

di = [0.5, 0.5]T cm/s to each robot through the control PC.
Considering the hardware constraints of the robots, we limit
the linear velocity applied to the robot wheels to ±2.25 cm/s.
The reported experimental results can be seen in the following
web link: https://vimeo.com/872927697.

1) Closed Curves: The first experiment is conducted for a
closed curve of the following form:

cx = 0.225(1− sin 2πη) cos 2πη + 0.75

cy = 0.225(1− sin 2πη) sin 2πη + 0.675 (29)

for the first 60 seconds and switched to another closed curve of
the following form:

cx =
cos 2πη

100
(3 sin 4πη + 6 cos 10πη + 22.5) + 1.125

cy =
sin 2πη

100
(3 sin 4πη + 6 cos 10πη + 22.5) + 0.375 (30)

after 60 seconds. The approximations of both curves follow the
same operations as in Section IV-A3. Therefore, both Assump-
tions 1 and 2 are satisfied.

The results of the experiment are shown in Fig. 8. We present
screenshots of the experiment process in Fig. 8(a). It can be
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Fig. 8. Results of the experiment with closed curve. Curve’s shape changes at
t = 60s: (a) Screenshots of the experiment process; (b) Norm of position errors;
(c) Agents’ orientations; (d) Disturbance estimations.

seen that the robots start from random initial positions and suc-
cessfully form two desired curves one after another. We record
the norm of position errors and agents’ orientations in Fig. 8(b)
and (c), respectively. The norm of position errors converges to
a stable value when agents reach the first desired curve; then
jumps to a high value when the desired curve changes; and finally
converges to a stable value again when agents reach the second
desired curve. Agents’ orientations gradually converge to some
bounded values every time agents reach a desired curve. The
performance of agents’ position errors and orientations follows
the analysis in Proposition 1. The disturbance estimations error
measurement δ̃ of the agents are presented in Fig. 8(d). We
can see that δ̃ gradually converges to some bounded values as
agents converge to the desired curves, which is as predicted in
the analysis for real-world cases in the proof of Proposition 1.
This experiment proves the feasibility of our proposed method
for closed curves in real-world formation tasks.

2) Open Curves: In this section, we present the experiment
for an open curve with the following form:

c =

3∑
k=0

ηk(1− η)3−kok+1 + o5 (31)

for o1 = [0.525, 0.45]T, o2 = [−0.075,−0.6]T, o3 = [−0.3,
0.9]T, o4 = [−0.3,−0.15]T, and o5 = [0.9, 0.2625]T. We ap-
proximate (31) to a ninth-order polynomial (i.e.,H = 10, which
satisfies Assumption 1) by (2). In this case, matrix Gi(si) is of
the form of Gi(si) = gi ⊗ I2 ∈ R2×20 for gi = [1, si, . . . , s

9
i ].

Then,we can check that Ḡ = [Gi(si)
T]T satisfies Assumption

2.
We present the experiment results in Fig. 9. Screenshots of

the experiment process are shown in Fig. 9(a), through which we
can see that the robots set off from random initial positions and
successfully form the desired open curve. We record the norm
of position errors and the orientations of agents in Fig. 9(b)
and (c), respectively. It can be seen that agents’ position errors
gradually converge to zero and orientations finally reach some
bounded constant values, which follows our analysis in the proof
of Proposition 1. The disturbance estimations error measurement
δ̃ of the agents are shown in Fig. 9(d). We can see that δ̃
are bounded as agents converge to the desired open curve,
which follows the analysis for real-world cases in the proof
of Proposition 1. This experiment proves the feasibility of our
proposed method for open curves in real-world formation tasks.

Fig. 9. Results of the experiment with open curve: (a) Trajectories of the
agents; (b) Norm of position errors; (c) Agents’ orientations; (d) Disturbance
estimations.

Fig. 10. Results of the experiments of enclosing objects with different shapes
by the robots: (a), (e), and (i) screenshots of the experiment process; (b), (f), and
(j) norm of position errors; (c), (g), and (k) agents’ orientations; (d), (h), and (l)
disturbance estimations.

3) Object Enclosing: Our proposed method has the potential
to achieve the object enclosing in the object transport tasks
with minor extensions. We conduct three simple experiments
to showcase the versatility of the proposed method in dealing
with enclosing objects with different shapes. Specifically, we
manually make three objects using foam board, the shapes of
which are circular, square, and “cloud”-like, respectively.

To obtain the desired curves for the agents to form, we first
extract points of the edges of the objects (see green points in
Fig. 10(a), (e), and (i)) through the picture captured by the
top-view camera of the platform and represent them by polar
coordinates relative to the geometric center of the objects. We
achieve the point extraction by the mature algorithms from
OpenCV [28]. Then we add an offset of 6 cm to the polar
coordinates of the extracted points according to the configuration
of the robots and obtain a bunch of new points with offset
coordinates (see red points in Fig. 10(a), (e), and (i)); finally,
we estimate a truncated Fourier series with eight harmonics by
the points with offset coordinates and take it as the desired curve
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of agents. The estimation of the desired curve follows the same
operations as in Section IV-A3 (see the blue curves in Fig. 10(a),
(e), and (i)). Therefore, both Assumptions 2 and 1 are satisfied.

After we obtain the desired curve, we employ the proposed
method to drive the agents to form it. The object enclosing
is achieved after the agents reach the desired curve. To avoid
collision between agents and objects, we employ the obsta-
cle avoidance algorithm offered by the Mona robot using in-
frared proximity sensors. The experiment results are shown in
Fig. 10. Screenshots of the experiment process are shown in
Fig. 10(a), (e), and (i), respectively. We can see that agents set
off from random initial positions and successfully enclose the
target objects in each experiment. We also record the norm of
position errors and agents’ orientations for each experiment. As
shown in Fig. 10(b), (f), and (j), the position errors gradually
decrease to nearly zero as agents achieve the enclosing of target
objects in all experiments. Agent orientations finally converge
to some bounded constant values as predicted in Proposition 1
in each experiment, as shown in As shown in Fig. 10(c), (g), and
(k), respectively. The evolutions of the disturbance estimations
δ̃ of all agents are presented for all experiments in Fig. 10(d),
(h), and (l), respectively. We can see that δ̃ converges to some
bounded values, which follows the analysis for real-world cases
in the proof of Proposition 1. These experiments prove the
feasibility and versatility of the proposed method in dealing with
object enclosing tasks.

V. CONCLUSION

In this work, we first present a unified parametric represen-
tation for general curves, that is, open and closed curves. Then,
we derive a leader-follower formation controller based on the
parametric equations to form the desired curves under directed
communications and constant input disturbances. We propose
a Lyapunov-based stability analysis to prove the asymptotic
stability of the proposed controller. Numerical simulations and
experimental studies show the desirable performance of our
proposed method in dealing with different cases, such as open
curves, closed curves, and curve shape changes. We also explore
the potential of the proposed method in dealing with object
enclosing tasks by detailed experiments. The method has high
flexibility and the potential to be applied to various real-world
missions. However, there are still some limits to the proposed
method, such as dealing with continuously evolving curves and
working with time delays. In the future, we will keep extending
the proposed method to solve the aforementioned problems.
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